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Abstract

The semi-streaming b-matching problem on a weighted hypergraph H = (V, E, w) asks for
a subset of hyperedges M C FE that maximizes the total weight while ensuring that each
vertex v € V is contained in at most b(v) selected edges. This generalizes the standard
matching problem, where b(v) = 1, and is motivated by large-scale applications in which
the input is too large to store explicitly. In the semi-streaming model, the algorithm may
use only O (n . polylog(n)) memory and is restricted to a small number of passes over the
input stream.

This thesis studies how such algorithms can be implemented efficiently in practice for
weighted hypergraph b-matching. Building on the semi-streaming framework of Huang
and Sellier, we implement the streaming phase and greedy reconstruction phase and adapt
them to a general hypergraph setting with vertex capacities. In addition, we explore several
engineering-oriented improvements: a memory-efficient pruning strategy based on linked
data structures and reference counting, a second-pass augmentation that reconsiders the
input stream to recover additional matching weight, a bucketing approach that processes
the stream in chunks, and a hybrid refinement phase based on Iterated Local Search by
GroBBmann et al. We also investigate a parallel variant of the refinement step to better
exploit multi-core hardware in a streaming context.

The implemented methods are evaluated on large benchmark hypergraphs with respect
to running time, memory usage, and matching quality. The experiments show that the
memory-efficient implementation reduces memory consumption in practice, that a second
pass can substantially improve solution quality, and that bucketing combined with local
search can yield further gains. At the same time, the results highlight the strong influ-
ence of edge ordering on the behavior of semi-streaming algorithms. Overall, the thesis
demonstrates that semi-streaming hypergraph b-matching can be translated into practical
implementations that balance memory efficiency and solution quality.
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CHAPTER

Introduction

In the first chapter, we motivate the theoretical semi-streaming b-matching problem on
hypergraphs by considering real-world use-cases in Section Then, we present our
contributions in Section (1.2|and structure the following chapters in Section|1.3

1.1 Motivation

Datasets often contain complex, multi-way relationships. Standard graphs represent con-
nections between exactly two entities. However, many real-world systems involve groups
of multiple entities. Hypergraphs provide a natural framework for these interactions by
allowing edges to connect any number of vertices.

Hypergraph b-matching generalizes many of these practical problems. Weighted set
packing [32], resource allocation where resources have capacities [42]], admission control
in multi-tenant systems [17], higher-order clustering [22]], and recommendation subrou-
tines that must respect user/item budgets [[1, [35)]. Solving b-matching at scale, therefore,
unlocks direct applications across social networks [41}, 39], machine translation [29], ad
allocation [6, 23], and beyond.

These datasets are large or arrive as streams (logs, clickstreams, network traces) and
cannot be processed easily with large in-memory algorithms. The semi-streaming model,
where the algorithm processes edges sequentially under memory roughly proportional to
the maximum solution size O(n : polylog(n)), is a useful computational abstraction for
these settings. It captures trade-offs between passes over the data, memory usage, and
approximation quality. While there is theoretical work on streaming and semi-streaming
algorithms for graph and hypergraph problems, practical challenges remain in translating
those results into implementations that are efficient and robust on real datasets.
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1.2 Our Contribution

We propose concrete implementations of the Algorithms |1| and 2| by Huang and Sellier,
introduced in [20]. Our approach handles the generalized b-matching problem on hyper-
graphs, where each vertex v € V' has a capacity constraint b, > 1.

To manage the incoming edge-stream in the semi-streaming context, we implement an
architecture that is divided into a streaming phase and a greedy construction phase. For
every vertex v, the system maintains a set of b, queues, effectively representing the b,
available "slots" an edge may fill in the final b-matching. Our modular design allows for a
@) (1) admission check, leading to high streaming throughput.

Memory-Efficient Implementation. A significant challenge in semi-streaming is the
linear growth of the candidate stack. We implement a memory-efficient variant of the
streaming phase (see Algorithm [I{for d = 1) in Section 4.2| which reduces memory con-
sumption by up to 30% compared to the non-discarding variant. This implementation re-
places static vectors with doubly-linked lists and custom iterators to facilitate O (1) pruning
of stale candidate edges. Our contribution includes a practical implementation of the theo-
retical space-saving threshold 5. When a vertex’s queue exceeds the size 3, the "bottom"
edges (those with the lowest reduced weights) are marked as erasable. To prevent pre-
mature deallocation of hyperedges that are still relevant to other vertices, we introduce a
reference-counting mechanism. An edge is only physically removed from memory when it
is marked as erasable and its reference count — the count of queues in which it currently
resides at the front — reaches zero. In Section[5.2] we show that this engineering technique
ensures that the algorithm operates within the predicted O (logy, .(1/€) [ Max|+ > ey bo)
space bounds while remaining fast.

Second Pass. In Section we describe a technique where a second pass simply
streams the whole set of edges again. Each edge that is currently disjoint from the stored
b-matching but is matchable is added to the b-matching. This procedure only requires stor-
ing the current b-matching while the edge stream is not retained. It therefore respects the
semi-streaming space bound. Because we only add edges that are disjoint from the existing
b-matching, the total weight is monotonically non-decreasing. Leading to quality improve-
ments of up to 94% compared to the first pass, and 93% compared to an offline greedy
implementation in practice. The second pass can only preserve or increase the b-matching
weight. In instances where the first pass made conservative choices due to ordering, the
extra scan can recover edges that were previously blocked. The cost is only one additional
linear scan of the input edges. We do not claim unconditional worst-case guaranties beyond
these facts. The evaluation in Section[5.3.1]and [5.4] however, shows that the magnitude of
the improvement depends on the instance size and ordering of incoming edges.
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Bucketing. Another approach we use to tackle the ordering-problem already in the first
pass is dividing the input stream into buckets. Over time, the gain an edge needs to bring to
be chosen is much higher than in the beginning. Therefore, an edge that appears later, while
being better than an earlier candidate, might not be selected. To improve the quality of the
matching, we therefore propose dividing the input stream into log(|V'|) buckets. After each
bucket, a matching is determined and stored. Then, all queues as well as the stack are freed.
From the results, we construct a new graph and determine the final matching. Especially
in more complex instances, the evaluation in Section [5.3.1 shows that we can improve the
solution quality of up to 98%. In Section [4.4] we will show that this technique does not
violate the semi-streaming memory bound.

Integrated Iterated Local Search. While semi-streaming algorithms provide strong
theoretical guaranties on approximation ratios, their empirical performance can often be
improved through local optimizations. In Section4.5|we propose a hybrid refinement phase
that occurs after the greedy construction phase. Once the stream is processed and a maxi-
mal matching is extracted from the candidate stack using the reverse-pass greedy selection
(Algorithm [2)), we apply an Iterated Local Search (ILS), a metaheuristic that repeatedly
perturbs and locally improves the current matching, refinement proposed by Grolmann et
al. [16]. Using the in-place ILS engine, we perform £ iterations of local swaps and augmen-
tations between the original b-matching and the candidate stack. Therefore, this refinement
is performed on the induced subgraph stored in the semi-streaming space, meaning it does
not violate the memory constraints of the model. As edge-sizes grow, in Section [5.3] we
show that this hybrid approach can reliably improve the final b-matchings of each our semi-
streaming variants up to 20%.

(Parallel) ILS on Buckets. In this refinement, we exploit the bucketed stream decom-
position by running independent ILS engines on the matchings produced from each chunk
(see Section[4.5)). Each bucket yields a matching on which we perform an in-place ILS us-
ing only the semi-streaming memory already allocated. Because the local searches operate
on disjoint matchings, they require no inter-process communication. To further enhance the
running time, we can safely parallelize the local improvements. After the per-bucket refine-
ments are complete, the matchings are combined into a complete matching of the whole
instance. This improves our bucketing technique by up to 13%. The evaluation in Sec-
tion[5.3]further shows that this technique brings a weight-gain of 94% compared to a single
sequential ILS applied after the full stream. Adding an ILS refinement to the technique,
we can report quality-improvements of up to 126% compared to the basic semi-streaming
method proposed by Huang and Sellier [20].
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1.3 Structure

The remainder of this thesis is organized as follows. Chapter 2]introduces the fundamental
concepts and notation used throughout the thesis. In particular, it provides the definitions
of hypergraphs, b-matching, approximation guaranties, and the semi-streaming model that
form the theoretical basis for the algorithms studied later on. Chapter [3| surveys the related
literature and positions this work in the context of previous results on streaming and semi-
streaming matching, with particular attention to the algorithms of Huang and Sellier [20]
and to earlier engineering efforts for graph and hypergraph matching.

Chapter |4 presents the algorithmic core of the thesis. It explains the semi-streaming b-
matching framework in detail and describes the concrete implementations of the streaming
phase and greedy construction phase. In addition, it introduces the engineering extensions
developed in this work, including the memory-efficient pruning mechanism, the second-
pass augmentation strategy, the bucketing approach, and the hybrid refinement based on
Iterated Local Search. Whenever appropriate, the Chapter is supported by pseudocode and
illustrations that clarify the interaction between the individual components.

Chapter [5] evaluates the proposed implementations experimentally. It describes the
benchmark instances, the implementation environment, and the evaluation methodology
before analyzing the algorithms with respect to memory usage, running time, and match-
ing quality. The Chapter further investigates how the results depend on the ordering of
the input stream and on the structural properties of the underlying hypergraphs. Finally,
Chapter [6] reflects on the main findings, discusses their implications, and summarizes the
contributions of the thesis in the concluding section.



CHAPTER

Fundamentals

In the following Chapter, we will revisit the definitions used and needed in this thesis. We
will start by defining general concepts and methods for the semi-streaming b-matching in
Section [2.1] Afterwards, we present definitions regarding the implemented Algorithms ]|
and[2lin Section

2.1 General Definitions

Hypergraph. A weighted undirected hypergraph
H = (V, E,w) consists of a vertex set V with |V| = n
and a collection E' of m hyperedges. Each hyperedge
e € I is a subset of V and carries a positive weight
given by the function w: £ — Ry. The size of an edge
e is its number of vertices, denoted |e|, and the hyper-
graph’s rank, the largest edge size, is d := max.cp |€|.
For brevity, we will often write "edge" instead of "hy-
peredge" when the hypergraph context is clear. To give
some intuition on hypergraphs, we refer the reader to Fig- Figure 2.1: Example hypergraph
ure [2.1] The difference from standard graphs is that an with d = 3.

edge (blue) can connect any number of vertices (green).

(b-)Matching. Let G = (V, E) be a graph or hypergraph, and let w : £ — R be a
weight function on the edges. A subset M C F is called a matching if the chosen edges
are pairwise disjoint, i.e. no vertex is contained in more than one edge of M. The weight
of a matching M is |[M| := }___,, w(e), and a maximum (weight) matching is a matching
that attains the largest possible value of | M| over all matchings. A b-matching is maximal
if no edge from £ \ M can be added to M without violating the b-matching condition
VoeV:|[{ee M:vee}| <b).
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Semi-Streaming Algorithms. If the input size exceeds a machine’s available mem-
ory, a standard approach is to process the input in a streaming manner. There are multiple
formal notions of streaming for graphs and hypergraphs. In the (semi-)streaming frame-
work, the (hyper-)edges of a (hyper-)graph are typically presented one at a time, in an ar-
bitrary, possibly adversarial order, and algorithms may be allowed several passes over this
sequence. Under the semi-streaming model, the memory is generally bounded by the solu-
tion size. Consequently, for the general b-matching, we obtain O(ZUEV by - polylog(n))
memory. We assume uniform capacities that are constant xn, therefore O (n . polylog(n)).

Approximation Factors. Algorithms may be divided into three types: exact algo-
rithms, heuristics without formal approximation guaranties, and approximation algorithms.
The effectiveness of an approximation algorithm is evaluated by comparing the value of its
output to that of an optimal solution. For a maximization instance /, denote the optimal
objective value by M (I). An algorithm A4 is said to provide an a-approximation if, for
every instance I, it returns a solution of value at least aM (1), where o € R, is chosen as
large as possible.

2.2 Algorithm Specific Definitions

Streaming Local-Ratio Selection. Let H = (V| F,w) be a weighted hypergraph
as described above, where each vertex v € V has a capacity b,. For an edge e € E
arriving in the stream, let W (e) be the set of witnesses: the edges currently stored in the
streaming buffer that are incident to e and occupy its required capacity. We define the local
cost induced by the witnesses as . := )  _ ¢,(e), where each ¢,(e) is the weight
of the minimum-weight edge currently filling the capacity b, at vertex v (or zero if the
capacity has not yet been reached). The weight of the arriving edge is then decomposed
as w(e) = P, + 7., where 7, = max{0,w(e) — D.} is the local gain of edge e. In
the streaming step, the edge e is selected and added to the buffer if and only if its local
gain is strictly positive (7. > 0). If selected, the edge is recorded with a reduced weight
proportional to 7., ensuring that the selection preserves the approximation invariant relative
to the cumulative weight of the discarded witnesses.

Bucketing. Let the edge stream be partitioned into consecutive chunks of size B =
[log,(n)], where n = |V| and > 2 are fixed parameters. Bucketing denotes the strategy
of processing the input stream chunk by chunk, running the streaming phase on each chunk
independently, extracting a matching M.k, respectively and then clearing the temporary
candidate structures before continuing with the next chunk. The resulting matchings are
stored in a collection M and may later be combined into a final feasible solution.
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Related Work

This work is largely based on two Algorithms (I} [2)) introduced by Huang and Sellier [20].
In the graph setting, they follow a series of papers [4, 8, 9} 13} 28, 30, 34, 40] with increas-
ingly improved approximation guarantees for the matching problem in the semi-streaming
model. Previous research has shown that a 2 + ¢ approximation guarantee is possible in
a semi-streaming context for graphs. In [28], Levin and Wajc introduced a 3 + ¢ approx-
imation for the general b-matching problem in the streaming context. Paz and Schwartz-
man [34] give a 2 4 e-approximation for graph matching; this result applies only to graphs.
By using the same framework as in [28, 34], Huang and Sellier [20] propose a refined,
queue-based data structure to store and manage edges selected in a local-ratio streaming
phase. While achieving the same approximation guarantee as Paz and Schwartzman for
1-matching, Huang and Sellier manage to restrict their memory efficient optimization to
O(logy . (1/€) * |Mmax| + >_,cy bo) variables in memory, closing the gap to the simple
matching problem in a semi-streaming context. Algorithm[I|has this memory optimization
built in by setting d = 1. For convenience, we will refer to it as the basic (d = 0) and
memory efficient (d = 1) implementation.

(b-)Matching in Graphs and Streaming. The matching problem and its capacity-
constrained variant b-matching have been studied extensively in graphs. For ordinary
graphs, Gabow [[12] showed that b-matching can be reduced to standard matching by ver-
tex splitting, although this is often impractical for large instances. On the approxima-
tion side, Mestre [31] proved that the greedy algorithm yields a half-approximation for
graph b-matching, establishing a simple baseline that remains relevant in practice. In the
streaming and semi-streaming setting, Feigenbaum et al. [9] present a %-approximation for
weighted matching, McGregor [30] develop a multipass algorithm with a ﬁ guarantee,
and Paz and Schwartzman [34] give the 2—_1F€-approximation mentioned above. Ghaffari and
Wajc [13] provide a simpler proof of the approximation ratio using a primal-dual analy-
sis. Ferdous et al. [10] show empirically that the algorithm by Paz and Schwartzman can
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compete quality-wise with offline %—approximation algorithms like GPA, while requiring
less memory and time. Ferdous et al. [[11]] also present two semi-streaming algorithms for
the related weighted k-disjoint matching problem, building upon the algorithms of Paz and
Schwartzman and Huang and Sellier [20, [34]] for streaming b-matching.

Hypergraph (b-)Matching. In hypergraphs, the matching problem becomes signifi-
cantly harder. Hazan et al. [19] show strong inapproximability results for maximum set
packing, which directly translate to hypergraph matching, and Histad [21] proves simi-
larly hard lower bounds for related non-uniform formulations. For weighted hypergraph
b-matching, Krysta [25] gave a greedy (k + 1)-approximation for k-uniform hypergraphs,
while Parekh and Pritchard [33]] improved this via linear programming. Koufogiannakis
and Young [24] further studied distributed approximation algorithms for weighted uniform
hypergraphs. Recent work by Reinstédtler et al. [36] proposes two one-pass streaming
algorithms for hypergraph matching: one is an extension of [34] based on dual-variable
stacks, and the other is a greedy swapping approach. These methods illustrate how clas-
sic semi-streaming strategies can be generalized to hypergraph settings, but they do not
yet directly address general b-matching capacity constraints. Implementation-wise, their
work lays the foundation for the experiments presented in this thesis. Engineering efforts
for the offline general hypergraph b-matching have explored practical heuristics like data
reduction and local search, improving the performance of weighted b-matching on real
datasets [16]. We are unaware of any practical implementations of semi-streaming hyper-
graph b-matching algorithms.

Related N'P-hard Problems. Hypergraph b-matching generalizes the classical hy-
pergraph matching problem, where the case b = 1 is already N P-hard [36]]. Accordingly,
much of the hardness landscape surrounding hypergraph b-matching is captured by closely
related set-packing formulations. In particular, hypergraph matching is tightly connected
to k-set packing and k-dimensional matching, where one seeks a maximum family of pair-
wise disjoint k-sets. Recent work emphasizes that k-dimensional matching serves as a
benchmark N P-hard problem underlying these generalizations [27, [32]. The canonical
3-uniform special case, three-dimensional matching (3DM), is A/P-hard and is a standard
source problem for reductions to hypergraph matching and set-packing variants [26].



CHAPTER

Semi-Streaming b-Matching Algorithm

This chapter gives a detailed description of the main ideas we propose in this thesis. First,
we will introduce the base Algorithms [I] and 2] by Huang and Sellier [20] in Section [4.1]
Then, we will cover the optimization strategies that we built on top. Starting with our mem-
ory efficient adaptation of Algorithm |1|(d = 1) in Section We proceed by presenting
two strategies tackling edge-ordering challenges: a naive second pass approach in Section
M.3]and a bucketing technique in Section[d.4] Using the ILS engine proposed by GroBmann
et al. [16], we will further refine the local matchings in Section[4.3]

4.1 Base Algorithms

We will now exemplify the base Algorithms (I} [2) in more detail. The semi-streaming
b-matching algorithm follows a typical structure by dividing the process into a streaming
phase and a greedy construction phase. Figure 4.1| and illustrate the procedures pre-
sented here. We divide the work surfaces into two main areas labeled as Queues and Stack.

Streaming Phase. Huang and Sellier [20] present a basic algorithm and a refined, more
memory efficient (d = 1) adaptation (see Algorithm [I)). We will first describe the basic al-
gorithm and adapt the memory efficient one on top in the next Section The streaming
phase fulfills one crucial task: Incoming edges (blue) from the hypergraph (top right) are
processed and stored in the queues and stack (see Figure [4.1). Initially, while the stack
is empty, memory is already allocated on the queues, reserving b, queues for each vertex
(green). The streaming phase maintains a collection of queues for each vertex v € V,
denoted as Q, = {Qu1,- .., Qvsp, }, where initially @, ;, = () for all i. These queues rep-
resent distinct slots that facilitate a local-ratio selection policy, ensuring that the algorithm
only retains O(n - polylog(n)) edges. To achieve this sparsity, the algorithm maintains a
reduced weight for each slot to serve as a dynamic threshold for future edges. Specifically,
for an incoming edge e, the algorithm identifies the minimum reduced weight among the
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Algorithm 1 Streaming phase for weighted matching by Huang and Sellier [20].
1: S« 0

2: Yo € V:Qv — (Qv,l :wa 7Qv,bv :(D)
3: for e = ¢;, 1 <t < |FE|an edge from the stream do

4: for u € edo

S wy,(€) < min{wy (Quq.top()) : 1 < ¢ < by}

6: qu(e) < ¢ such that w, (Qy q.top()) = w; (e)

7: if w(e) >a) .. w;(e)then

5 gle) « wle) = >0 wie)

9: S« SuU{e}

10: for u € edo

11: wy(e) < wi(e) + g(e)

12: ru(€) < Qu.gu(e)-top()

13: Qu qu(e)-Push(e)

14: ifd = 1 and Qy 4.(c)-length() > [ then > remove some small element
15: let ¢’ be the —i— 1-th element from the top of @y 4, ()

16: mark e’ as erasable, so that when it will no longer be on the top of any

queue, it will be removed from S and from all the queues it appears in

‘ ‘ e ‘ Queues et ®é%

. s : Stack

|
A —|Q Q Q)/ Q

0

0

o
Qi
at
...;..'\'

Figure 4.1: Streaming Phase from Algorithm
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4.1 Base Algorithms

slots for each endpoint u € e, defined as w(e). Simply put, the algorithm selects from
each pin u € e the respective queue that offers the minimum current gain among all queues
of v. The selected queues from all pins are illustrated as boxes in the Queues area to which
the arrows point. An edge is admitted to the candidate set S only if its weight exceeds the
aggregate threshold of its endpoints, i.e., w(e) > > . w;(e). Upon admission, we com-

*

pute the marginal gain g(e) = w(e) — >, ., wi(e) and push e onto the specific queues that
yielded w? (e). The reduced weight of these slots is then updated to w,(e) = w(e) + g(e),
effectively accumulating the gain. This incremental thresholding ensures that each slot
only accepts edges offering significant marginal improvement, thereby bounding the total

number of stored edges while preserving the quality of the matching.

Greedy Construction Phase. The greedy construction phase creates a matching from
the available edges selected during the streaming phase. As discussed previously, the
threshold for edges arriving later in the stream to be considered for inclusion in the match-
ing becomes progressively higher. This leads to an important assumption for the con-
struction phase: Edges that appear later are probably better in terms of weight than earlier
candidates. We therefore process the edges ¢ € S in reverse order (LIFO). Please refer to
Figure for the following description of Algorithm [2| For the illustration, as the greedy
construction phase works with the same data structure filled in during the streaming phase,
we only need to add another area for the initially empty result set.

Algorithm 2 Greedy construction phase by Huang and Sellier [20].
1. M0
2:Vee Sz« 1
3: for e € S in reverse order do

4 if z. = 0 then continue > skip edge e if it is marked
5: M +— M U {e}

6: for u € edo

7: c< e

8: while ¢ # | do

9: 2. 0 > mark elements below e in each queue
10: ¢ 1ryu(c)

11: return M

For each edge on the stack, we store a boolean z., or more intuitively, whether it is
relevant for the resulting matching M. After pushing a relevant edge e where z. = 1 on
M, all edges below e in the queues where e appears are marked as irrelevant (z, = 0).
By skipping them in the following iterations, the algorithm ensures it holds the b-matching
constraint. The LIFO ordering is essential because the streaming phase ensures that edges
arriving later are required to "pay" for potential gains of the edges they supersede. By
following the predecessor pointers 7,(c) and marking them as irrelevant, the algorithm

11



4 Semi-Streaming b-Matching Algorithm
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Figure 4.2: Greedy Construction Phase from Algorithm




4.2 Memory-Efficient Pruning via Linked Structures

ensures that once a "slot" is occupied by a later edge, no earlier edges from that same queue
can be selected. This mechanism naturally satisfies the vertex capacity constraints since
each of the b, queues for a vertex v can provide at most one edge to the matching M. Thus,
the greedy phase efficiently extracts a feasible b-matching from the streaming candidates
while preserving the approximation guaranties provided by the local-ratio method.

4.2 Memory-Efficient Pruning via Linked Structures

Huang and Sellier [20] propose a technique to efficiently remove edges from the stor-
age that have no further impact on the resulting matching, freeing memory already in the
streaming phase. As described in the introduction of this Chapter, the streaming phase
relies on a set of queues, each representing a "slot" of the vertices’ capacity that an edge
may fill. Edges that outrank previous ones in terms of gained size reside at the top of these
queues and define the current threshold for new arrivals. This leads to the main idea back-
ing the proposed optimization. Edges at the back of these queues, which are no longer the
"top" element for any of their incident vertices, eventually become redundant. Once an
edge is sufficiently deep in all queues it belongs to, its potential contribution to the greedy
phase is eclipsed by newer, heavier edges. Depending on a given € < %, the algorithm
maintains a "max-length" 5 for each queue, defined as:

2log(1/¢)

log(1+¢)’

The practical implementation of erasing edges while streaming comes with the overhead
of two additional components in the data structure. We have included our specific imple-
mentation and interpretation in Algorithm [3| First, to ensure O(1) pruning of stale edges,
the underlying queues and the candidate set S must be implemented as doubly-linked lists,
allowing for the immediate removal of an element given its pointer. Secondly, for each
edge e, we maintain a reference count c(e) representing the number of queues where e is
currently the front element. This counter is initialized to |e| (the number of endpoints) and
is decremented whenever e is superseded by a new incoming edge in a specific slot. An
edge is safely erased from all structures if it is marked as erasable (d(e) = 1), meaning it
has been pushed past the 5-th position in at least one queue, and its reference count c(e)
reaches zero. This ensures that we only discard edges that are neither currently providing
a threshold nor likely to be selected in the reverse-greedy phase due to the heavy weights

of their successors. This engineering technique ensures the algorithm holds the desired
memory bound of O (log,,.(1/¢) - [ Mumax| + >,y bo)-

B=1+

4.3 Weight Improvements via Second Pass

Due to the ordering of the incoming edges in the streaming phase, the local-ratio selection
tends to make conservative choices in terms of edge selection. To address this, the second

13
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Algorithm 3 Concrete memory-efficient streaming phase (adaptation of Algorithm [1{ with

d = 1 by Huang and Sellier [20]).

1. S+« 0

2: Vv € V:Qv A (Qv,l :wa 7Qv,bv :w)

3: for e = ¢;, 1 <t < |FE|an edge from the stream do
4: for u € e do

S wy,(€) <= min{wy (Quq.top()) : 1 < ¢ < by}

6: qu(e) < ¢ such that w,,(Qy.4- top()) = w(e)

7: if w(e) >a) .. w;(e) then

S g(e) & w(e) - D oe, wile)

9: S« SuU{e}

10: cle) < |e] > initially on top of each appended queue
11: d(e) <0

12: for v € edo

13: wy(e) < wi(e) + g(e)

14: ru(€) = Qugu(e)-top()

15: c(ru(e)) < c(ry(e)) — 1

16: Qu,qu(e)-Push(e)

17: if Qu q.(c)-length() > 3 then

18: (Qu,qu B+1]) =1 > set exceeding element erasable
19: if ¢(r,(e)) = 0 and d(r,(e)) = 1 then
20: S« S\ rule)
21: for u, € r,(e) do
22: Quiy sy (ru(€) < Qurgur (ru(e)) \ Tul€)

> erase from stack

> erase from queues
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4.4 Buckets: Dividing the Input Stream in Chunks

pass performs a greedy augmentation by reconsidering edges from the original stream in
their arrival order. This phase tries to fill the remaining capacity of each vertex v up to its
budget b(v) using edges that were not included in the initial selection. As for the naive
nature, this approach lacks a guaranty of its improvement. For example, consider an edge
connecting all vertices with remaining capacity but having a relatively small weight of 1.
Ultimately, by blocking gain, other potentially better candidates may be brought in later in
the stream. Nonetheless, this technique brings empirically better results in practice. The
following pseudocode, Algorithm [] details the logic of the augmentation phase, which
operates within the standard semi-streaming space complexity.

Algorithm 4 Second pass.
1: M < previous matching

2: for e = ¢;,1 <t < |E| an edge from the stream do

3 ifed MandVv €e: |{e€ M :v €e}| <b(v)then > is matchable
4: M «+ M U {e}

5: return M

4.4 Buckets: Dividing the Input Stream in Chunks

As in the second pass improvement described in Section4.3] the quality of streaming algo-
rithms partially depends on the ordering of the incoming edges. We will now present an-
other approach to addressing this issue by dividing the incoming edge-stream into log,.(|V|)
"buckets" with k > 2. We essentially break the edge-stream after logl% edges have been
processed by Algorithm[I] Then, determine a matching from the chunk using Algorithm 2]
push it to the set M, and clear the whole storage. Proceeding with the stream afterwards.
Figure {4.3] shows the final composition to get a complete matching for the instance. By
combining the individual matchings from each chunk in M into a single hypergraph, we
can perform an offline greedy computation in the semi-streaming model. Determining the

final matching M¢,,;;. Hence, using the same arguments as in [20], we obtain the following.

Theorem 1. The division of the incoming edge-stream into log, (|V'|) buckets does not
violate the semi-streaming memory bound.

!
@@

Figure 4.3: Example composition of multiple matchings M - My into one Mf,;.

—

o -
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4 Semi-Streaming b-Matching Algorithm

Proof. After each chunk, we store only the resulting matching M p,nx. By resetting the tem-
porary storage structures .S and () at the end of each chunk, the peak memory consumption
for edge candidates is restricted to the local-ratio bound of a single partition. The persis-
tent memory is then dominated by the list of matchings M, which aggregates the results of
each phase. Since each b-matching M.« is a feasible subgraph satisfying vertex capaci-
ties, its size is strictly bounded by ) ° _,, b,. Consequently, storing log,. |V'| such matchings
requires O((3°, v bw) log,. [V]) space, which remains within the semi-streaming limit of
O(n - polylog(n)). O

This allows the algorithm to effectively "forget" the high-volume candidate sets of pre-
vious chunks while retaining the most valuable edges in the form of compact, feasible
matchings. Please refer to Algorithm 5] for the modified streaming procedure.

Algorithm 5 Streaming phase with bucketing (adaptation of Algorithm [If with d = 0 by
Hung and Sellier [20]).

1. S« 0

2YoeV: Qy+ (Qui=0,-+,Qup, =0) > b, queues for vertex v
3: B+ (log,.C nw > number of edges per chunk (bucketing)
40 M+ ] > list of matchings appended after each chunk
5: p+0

6: for e = ¢;, 1 <t < |F| an edge from the stream do

7: for u € edo

8: w?(e) <= min{w, (Quq-top()) : 1 < ¢ < by}

9: ¢u(€) < g such that w,(Q,.q.top()) = wi(e)

10: if w(e) >a) .. wi(e) then

B gle) e wl(e) = e, wi(e)

12: S+ Su{e}

13: for u € edo

14: wy(e) < wi(e) + g(e)

15: Tu(€) = Qu,gu(e)-top()

16: Qu,qu(c)-Push(e)

17: pp+1

18: if p= Bort = |F| then > end of current chunk
19: Mpunk < GREEDYCONSTRUCTION(S, {Q, }vev)
20: M~ MU M chunk
21: forallv eV, Vg: Q,, 0 > clear all queues
22: S0 > clear stack
23: p<+<0 > reset chunk count
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4.5 Hybrid Refinement: Integrated Iterated Local Search

4.5 Hybrid Refinement: Integrated lterated Local
Search

The solution quality of the resulting matching can often be enhanced by performing a post-
processing local refinement on the initial output. By using the same framework as in [16],
we leverage the edges S selected during the local-ratio phase by iteratively swap unmatched
candidates with edges currently in the solution to find weight-increasing configurations.
This technique ensures that, in the worst case, the current solution quality and weight are
maintained while providing a mechanism for monotonic improvement.

The efficacy of this Iterated Local Search (ILS) is fundamentally dependent on the cardi-
nality of the candidate set. A larger set of unmatched edges provides a richer neighborhood
for the swapping procedure to explore. We therefore perform these optimizations on the
basic variant of Algorithm 1| (where d = 0), which preserves all selected edges in storage
rather than pruning them to meet a buffer constraint. By maintaining the full set .S, the ILS
can identify complex augmenting structures and local improvements that would otherwise
be lost in the streaming pruning process. This exhaustive retention of candidate edges al-
lows the refinement phase to more effectively bridge the gap between the fast streaming
approximation and the global optimum.

(Parallel) ILS on Buckets The approximation quality of streaming algorithms is of-
ten inversely correlated with instance density, as a higher number of edges increases the
likelihood that vertex capacities are filled by sub-optimal candidates. We find the bucket-
ing technique specifically addresses this by periodically resetting the internal state (5, @),
allowing the algorithm to consider edges that would otherwise be discarded.

To further improve these "per-chunk" matchings, we perform independent ILS proce-
dures on outsourced threads. Upon the completion of each chunk, the candidate set .S and
the preliminary matching are offloaded to a worker thread to explore weight-increasing
swaps. This asynchronous refinement allows the algorithm to perform a more exhaustive
search of the local neighborhood without interrupting the ingestion of the primary edge
stream. Because each ILS operates on a discrete temporal partition, the process remains
parallel and requires no inter-thread synchronization. This approach effectively utilizes
multi-core architectures to enhance solution quality, a task typically difficult to achieve
within the sequential constraints of the streaming model.
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CHAPTER

Experimental Evaluation

In the following chapter, we will first present our experimentation setup in Section [5.1]and
then evaluate the proposed algorithm implementations. With respect to metrics such as
solution quality, memory consumption, and running time, we will discuss the following
research questions:

* RQ1: How effective is the theoretical memory-efficient optimization in practice?
* RQ2: How do our algorithms compare with the offline greedy approach?

* RQ3: How does the ordering of the incoming edges affect the size of the resulting
b-matching?

In Section we will answer RQ1; Section [5.3] covers RQ2. Then, Section [5.4] will go
into detail regarding edge ordering from RQ3.

5.1 Setup and Data Set

In the framework of Reinstédtler et al. [36], we implement our approaches in C++ using
g++-14.2 with full optimization enabled (-03 flag). The experiments were executed on
two identical machines, each equipped with 128 GB of main memory and a Xeon w5-
3435X processor clocked at 3.10 GHz with a 45 MB L3 cache. We only compare results
from runs executed on the same machine under the same compute job. To measure memory
consumption, we use the Linux internals. The time required to load the hypergraph is
excluded from our timing measurements. We schedule the experiments to run in parallel
and randomize the order in which they were started. Each experiment is repeated 6 times,
and the results are taken as the average. To compare methods, we employ performance
profiles as recommended by Dolan and Moré [[7]. The plots show the fraction of instances
that are solved within a factor 7 < 1 of the best result for each instance. In the plot (e.g.
Figure[5.2)), an algorithm appearing in the top-left corner is considered the best performer.
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Figure 5.1: Sensitivity analysis using geometric mean ratios.

Our benchmark contains general hypergraphs typically used for partitioning, together
with social link hypergraphs derived from question—answering websites. In the social link
hypergraphs, a hypergraph b-matching can serve as a multi-faceted summary of the site
since it captures the top b different categories or roles for a user [36]. In the hypergraph par-
titioning setting, matchings are used to contract the hypergraph within a multilevel scheme.
In a social hypergraph, each page (for example, a post on StackOverflow or an article in
Wikipedia) is represented as a hyperedge.

To address RQ1 and RQ2, we use the hypergraph dataset L collected previously for
hypergraph partitioning [[15]. This collection comprises 94 instances that span a broad
range of applications, from DAC routability-driven placement [38] and general sparse ma-
trices [5] to SAT solving [2]. As weights, we employ random values between 1 and 100
and experiment with a uniform node-capacity of 3. Note that the solution quality scales
linearly with the node capacity. Therefore, a uniform capacity of 3, with large graph-sizes
(edge/node count) in our dataset, represents real-world dimensions at best, considering our
limitation of 128 GB of main memory. Capacities of 4 and upwards are not feasible on
our machines. Uniform capacities of 1 represent the simple matching problem and are
therefore much better solved by other algorithms. Refer to [36]] for example. The instances
include up to 1.4 x 10® hyperedges/vertices and exhibit a maximum hyperedge size of
2.3 x 106 vertices.

We justify the parameters of our bucketing-based algorithms with the sensitivity analysis
in Figure [5.1] which reports memory consumption (left) and matching quality (right). The
experiments are run on the Ly data set, repeated three times, use random weights between
1 and 100, and are compared via geometric mean ratios. Each cell is normalized against
the best-performing configuration, shown as 0.0.
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5.1 Setup and Data Set

For memory usage, the ILS timeout has no noticeable effect. The bucket size  has a
much stronger impact. With x = 2, memory consumption is worse than with x = 8, since
larger chunks are kept in storage for longer. For larger values such as x = 16, memory
usage increases again because smaller chunks weaken the local-ratio filtering. Overall,
k = 8 gives the best balance.

The quality results show the same pattern. The ILS timeout again has little influence.
The best matching quality is obtained for x = 4. However, this setting requires more mem-
ory. While x = 2 achieves slightly better quality than x = 8, the latter uses considerably
less memory. In fact, k = 8 is the only setting in which we outperform the basic algorithm
in both quality and memory. We therefore use x = 8 in our experiments.

We evaluated RQ3 using different social link hypergraphs with a uniform capacity of 3.
The (THREADS) graphs model participating users as vertices, whereas the (TAGS) graphs
model the tags of the posts as vertices. We use three StackExchange networks collected by
Benson et al. [3] and set view counts as weights using data from [37/]]. For the StackOver-
flow instance, the weights were obtained by querying the public dataset on BigQuery [14],
and [36]] produced an additional instance from that source. We also use a hypergraph from
the English Wikipedia dump, constructed in [36], where categories are treated as vertices
and articles as hyperedges. They selected a category as a vertex only if it occurred at least
25 times, yielding 293K vertices for 8M articles. The access frequency of each article in
December 2024 is used as the weight.

Statistical Analysis. In RQ1 and RQ2, we want to further evaluate how graph proper-
ties, such as maximum edge-size or density of the graph, correlate with the gathered results
in the Ly hypergraphs. As the set consists of 94 instances, we can make meaningful
statements using standard Pearson and Spearman correlation coefficients. The main goal
is to get a single-valued answer to the question of whether the rise of variable x means
y rises or falls as well. Therefore, both yield values between -1 and 1, indicating a neg-
ative or positive correlation, respectively. For greater detail on the comparison between
those coefficients, we refer the reader to [18]. We proceed by comparing a candidate to
an interesting competitor, calculating the relative improvement made on each instance and
trying to find a correlation between the magnitude of the relative improvements and other
graph properties. Interesting findings are marked in yellow and further interpreted in the
accompanying text. Instances where the competitor performs better are considered nega-
tive improvements. This way, all 94 instances of the Ly data set have an impact on the
coefficients, making the results statistically robust.

Notations. The combined basic implementation of Algorithm (1| and [2| by Huang and
Sellier [20] in the introduction of Chapter 4|is denoted as Basic. Our memory-efficient
adaptation in Section4.2]is then described as MemEff. The second-pass approach in Sec-
tion is referred to as TwoPass, while our bucketing-technique from Section is
implemented in Bucketing. This is further refined by ParallellLS from Section Note
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Figure 5.2: Performance Profile for the memory consumption.

that every time we write + ILS after an implementation, we use the engine by GroBmann et
al. [16] to perform a local-search on the matching yielded by the referred implementation.

5.2 Memory Efficiency in Practice

This section answers RQ1 by comparing the algorithms Basic and MemEff. As discussed
in Section[d.2] the implementation of the theoretical memory-efficient optimization comes
with the additional overhead of doubly-linked lists and other variables to track "erasabil-
ity". In the following, we will evaluate the implementation of our concrete memory effi-
cient adaptation presented in Algorithm [3| denoted as LinkedList, and compare the results
for different £ against the basic Algorithm [I| (d = 0) implemented with static vectors.
Therefore, it is denoted as Vector. We will now further evaluate how this implementation
detail affects memory consumption in practice. Note that LinkedList and Vector always
calculate the same solution quality for the same € < %, as shown in [20].

Figure [5.2] disproves our concern about the overhead of doubly-linked lists. The mem-
ory profile for the memory-efficient implementation (LinkedList) is always better on
0.05 < e < 0.25 than that of the non-discarding vector-based implementation. This leads
to the conclusion that the memory freed by the removal of edges in storage dominates the
memory additionally allocated for linked-lists. Naturally, this gap closes as we approach
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5.3 Comparison to Offline Greedy

e = 0, as the max-queue-length /3 increases for smaller ¢ (refer to Section {.2)). In the
following paragraph, we will further verify the intended behavior of the memory-efficient
optimization by determining which graph-properties lead to the highest memory-advantage
fore = 1.

Vector vs. LinkedList. The linked-
list based implementation achieves lower

: : Metric | Pearson | Spearman
memory consumption on instances char-
acterized by large average hyperedge size ~ Avg. edge size 0.57 0.67
and high edge-to-node ratios, as reflected Log node count -0.43 -0.40
in Table [5.1] by consistently strong posi- Log edge count -0.03 -0.09
tive correlations across both Pearson (r =  Node count -0.32 -0.40
0.57) and Spearman (p = 0.67) for aver- Edge count 0.02 -0.09
age edge size, and Spearman p = (.55 for Max. edge size -0.00 0.06
edges per node. Conversely, instances with Edges per node 0.18 0.55
many nodes and small hyperedges favor the Avg. degree -0.25 -0.35
vector-based implementation, with Pear-
son and Spearman reporting r = —0.43 Table 5.1: Correlation coefficients for a selec-
and p = —0.40 for log-transformed node tion of graph properties. Vector vs.

linked-list implementation on € = 0.
Positive correlation indicates higher
memory consumption.

count. These results are broadly consis-
tent with the main idea behind the memory-
efficient optimization. The design goal is
to reduce memory by physically removing
edges whose weight contribution has become negligible, with the expectation that this is
most beneficial when many such edges accumulate. This is precisely the case in dense
instances with high edge-to-node ratios and large hyperedges, where more edges compete
for queue positions and evictions are frequent. The fact that average edge size is the single
strongest predictor of improvement, and that the effect is consistent across both Pearson
and Spearman, suggests the correlation is not driven by outliers but reflects a structural
property of the algorithm. The negative correlation with node count is a natural counter-
part: sparse graphs with many nodes produce fewer evictions, and the per-node overhead of
the linked-list representation is not amortized, causing regressions. The alignment between
predicted and observed behavior across instance families thus supports the soundness of
the optimization strategy, while also identifying sparse, node-heavy instances as a regime
where the overhead of the linked-list representation outweighs its benefits.

5.3 Comparison to Offline Greedy

In this section, we compare the offline greedy algorithm proposed by Gromann et al. [[16]]
to our implementation of the semi-streaming algorithm by Huang and Sellier [20] and
also put our optimization strategies in scope. In the following Figures [5.3] [5.4] and [5.5]
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Figure 5.3: Performance Profile for the running time. Note the log-scale on the x-axis.

the offline greedy algorithm is denoted as Greedy, while Basic and MemEff label the
semi-streaming variant (refer to the introduction of Chapter [ for a quick walkthrough).
TwoPass is described in Section Section introduces the Bucketing technique,
which is further refined by ParallelILS in Section

Running time. Figure|5.3|shows how the implementations perform in terms of running
time. We can observe two main streams: First, the Greedy offline algorithm as the top per-
former, closely followed by our memory efficient implementation MemEff with ¢ = 0.25
and Basic. The next notable finding is the very similar performance of the algorithms that
undertake an ILS in the end. Their worse and very similar running time can be explained by
a timeout of 30 seconds for the ILS. ParallellLS then performs operations between these
streams as it runs parallelized individual ILS engines on submatchings, performing local
optimizations while streaming.

Memory. The memory performance profile in Figure also meets our expectations.
With MemEff performing as the best candidate, we can report that our Bucketing tech-
nique, even with an ILS engine on top, performs better than the standard Basic algorithm
for ¢ = 0. Another important observation we can make is that each semi-streaming ap-
proach performs better in terms of memory, as they reach 1.0 faster than the Greedy al-
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Figure 5.4: Performance Profile for the memory consumption. Note the log-scale on the x-axis.

gorithm. This confirms the correctness of the algorithms in the semi-streaming model.

5.3.1 Quality

The weight of the b-matching often employs the most important metric, as it provides infor-
mation on the final quality of the respective algorithms. Naturally, as Greedy is allowed to
consider all edges in the hypergraph for the resulting matching, it performs best among all
single-pass semi-streaming approaches. However, streaming the entire edge-stream again
and filling gaps in our previous b-matching using the TwoPass approach turns out to be
effective. In 73% of the instances, we are able to report improvements of up to 94.74%
compared to offline Greedy. Note here that this approach works very well on our 94 in-
stances of the Ly data set. What the plot also indicates is that, even though it is better in
most instances, it lacks in providing a usable worst-case performance, as Greedy reaches
1.0 earlier. This is due to the naive nature of the approach, further explained in Section 4.3
Similar to the previous section, we will now use correlation coefficients to further evaluate
these interesting findings in the solution quality yielded by meaningful competitors.

Bucketing vs. Basic. First, we will compare our Bucketinges =0,k =8 + ILS k =
100 approach to the Basic ¢ = 0 approach. This comparison is interesting as the perfor-
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Figure 5.5: Performance Profile for the quality of the b-matching.

mance profiles gathered suggest that our bucketing technique performs better in terms of
memory (see Figure [5.4) while producing higher quality results overall (see Figure [5.5).

Metric ‘ Pearson ‘ Spearman
Avg. edge size 0.44 -0.06
Log node count -0.38 -0.29
Node count -0.21 -0.29
Log edge count -0.26 -0.08
Edge count -0.15 -0.08
Max. edge size -0.05 0.16
Edges per node -0.02 0.23
Avg. degree -0.01 0.08

Table 5.2: Correlation coefficients for a selec-
tion of graph properties. Bucketing
vs. basic implementation. Positive
correlation indicates higher weight
gains.
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This holds true, as we can report improve-
ments in 64% of the instances, reaching a
top weight-improvement of 122.25%. For
comparison, the top improvement of our
competitor reaches 11.2% on its best in-
stance. Table contains the correlation
coefficients, showing how the improve-
ments made by our bucketing technique
correlate with different graph properties.
We will now discuss two main takeaways
that the values show. First, Pearson sug-
gests a rather strong correlation of r = 0.43
towards a higher average edge size. How-
ever, Spearman provides not only a lower
correlation but also slightly disagrees. This
means the relationship is not monotonic
and may be driven by a few influential
points or a roughly linear trend that does



5.4 Impact of Edge-Ordering

not hold consistency. Secondly, considering (log) node counts: as size increases, the per-
centage gain from our bucketing algorithm tends to fall. This time, Pearson and Spearman
agree, making the result fairly robust. In conclusion, we can say that among the instances
where our bucketing technique wins, its advantage tends to be larger on smaller graphs and
may significantly increase with average edge size; however, the average edge size result is
not stable.

TwoPass vs. Greedy. As evaluated in Figure streaming edges a sec-
ond time can significantly improve the b-matching yielded after a single stream.
As TwoPass ¢ = 0 lacks a provable worst-case guaranty, we will try to find
further correlations in the graph structures that explain the weight-gains compared
to the offline Greedy implementation. A closer look at the instance-level cor-
relations in Table [5.3] suggests that the benefit of a second streaming pass is
not uniform but instead depends on the structural properties of the hypergraph.
The relative gain of TwoPass is moder-
ately positively correlated with graph size,

. . i Metric ‘ Pearson ‘ Spearman
with the strongest signals appearing for
(log) node count and (log) edge count, in- Avg. edge size -0.24 -0.42
dicating that larger instances tend to leave ~ Log node count 0.38 0.37
more room for the second pass to re-  Node count 0.27 0.37
cover additional matching weight beyond ~ Log edge count 0.30 0.29
Greedy. In contrast, the average edge Edge count 0.26 0.29
size is negatively correlated with the im- ~ Max. edge size 0.09 0.34
provement. This time, it is not only re- Edges per node 0.02 -0.12
ported by Pearson at r = —0.24 but is also Avg. degree -0.12 -0.04

backed by Spearman at p = —0.42, vali-

dating its monotonic correlation. This sug- Table 5.3: Correlation coefficients for a selec-
gests that TwoPass is most effective on in- tion of g.raph proper'ties. Two pass
stances with comparatively smaller hyper- vs. Offline greedy implementation.
edges, where the second scan can better ex- Positive correlation indicates higher
ploit the residual structure left unresolved weight gains.

by the first pass.

5.4 Impact of Edge-Ordering

As the following experiments will show, the order in which the edges are presented to the
streaming algorithm has a significant influence on the used memory, running time, and the
resulting solution quality. We therefore, again, compared a representative selection of our
algorithms to the offline Greedy approach using different ¢ < %.

27



5 Experimental Evaluation

Runtime [s]
3.5
I Ascending
3.0 - HEl Descending
BN Natural
2.5 -
2.0 -
1.5 -
1.0 -

1 T1 II.
0.0

Greedy e=0 =01 =025 e=0 =01 =025 e=0 =01 £=0.25
MemEff ParallellLS k=8 TwoPass

Figure 5.6: Geometric mean of the running time on the social-link hypergraphs.

Running time. As pointed out in Section fixed timeouts have a vast influence on
the running time of algorithms working with local ILS optimizations. ParallellLS is the
candidate in this case. We can observe two main, expected behaviors in Figure [5.6] First,
presenting edges in ascending order means presenting the probably worst candidates first
to the algorithm. Performing an ILS on such closely uniform chunks is therefore much
harder and takes longer to achieve better results. This is also true for edges presented in
descending order; however, in this case, the local matching may already be near optimal.
Secondly, especially for ascending order, the running time vastly improves for larger .
This behavior results from the fact that higher ¢ constitute higher thresholds for edges in
terms of being considered. Many edges may be skipped initially as they do not provide
enough additional gain to the current matching. This, in turn, reduces the set of edges for
the ILS to work on and makes it increasingly faster to compute.

Compared to Greedy, only MemEff performs mostly better. However, the trend for
the streaming approaches follows the same pattern as described above. Ascending order
performs worse but improves with larger approximation bounds, while edges presented
in descending order speed up the algorithm, as many edges are discarded already in the
local-ratio phase. The natural ordering always settles in the middle.

Memory. The same reason that led us to higher running times also leads to higher mem-
ory consumption. The local-ratio technique assumes that edges provide random gains in
no particular order. This way, in natural ordering, many edges are filtered in the stream-
ing phase. However, when edges are presented in ascending order, most edges provide a
higher gain than their prior candidates, i.e., prior neighbors in the hypergraph. This leads
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5.4 Impact of Edge-Ordering
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Figure 5.7: Geometric mean of the memory consumption on the social-link hypergraphs.

to most edges being considered for the resulting matching, undermining the theoretical
semi-streaming memory bound in practice.

In Figure[5.7] considering the evaluations for the ascending order of the streaming algo-
rithms at € = 0, one can easily examine the trend of using close to as much memory as the
offline Greedy approach. Natural and Descending ordering on MemEff and TwoPass pro-
vide the memory consumption expected in the semi-streaming model, using only a fraction
of the memory allocated in the Greedy approach. The reason we report a higher overall
memory consumption for ParallellLS arises from two main factors: first, the parallelized
technique used to outsource individual ILS engines. While the edge stream continues, pre-
vious memory remains allocated for use on a different thread for local optimizations. The
memory consumption would therefore drop if everything were performed sequentially, re-
sulting in a trade-off of higher running times. Secondly, the theoretical memory perfor-
mance of our bucketing technique is slightly worse than the original algorithm, dominated
by the per-chunk matchings as shown in Section [#.4] However, the worse result we get on
this small set of graphs does not seem to be representative in practice, as the results of RQ2
in Section [5.3|indicate an overall better performance compared to the basic variant.

Quality. Notable are the larger resulting b-matchings in Figure for the edge-streams
presented in ascending order in the semi-streaming approaches. However, as we previously
examined, especially in the analysis regarding memory consumption, these better results
come with high memory consumption in practice. By using memory that is quasi-linear to
the number of edges rather than nodes, the results become infeasible in the semi-streaming
model. Comparing MemEff and ParallellLS leads to a good observation regarding the
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5 Experimental Evaluation
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Figure 5.8: Geometric mean of the size of the b-matchings on the social-link hypergraphs.

natural ordering. Our bucketing technique used for the ParallellLS implementation yields
empirically better and constant results for higher . This results from the consideration of
good candidates which are otherwise discarded by large threshold rising during the edge-
stream. Similar to the previous Section TwoPass yields the overall best quality by
reconsidering all unmatched edges, strongly improving the matching achieved by MemEff
in practice.
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CHAPTER

Discussion

This chapter concludes our findings on the topic of engineering efficient hypergraph b-
matching algorithms in the semi-streaming model. We revisit the whole paper in Sec-
tion [6.T]and give a short outlook on future avenues of work with our results in Section[6.2]

6.1 Conclusion

This thesis translated the semi-streaming hypergraph b-matching framework of Huang and
Sellier [20], introduced and formalized in Chapter [} into a concrete implementation and
experimental evaluation. The main question was whether the theoretical Algorithms |I]
and [2] can be implemented faithfully and improved in practice without leaving the semi-
streaming setting. The experiments in Chapter [5] show that this is indeed possible: the
theoretical core is robust, but practical performance remains sensitive to input order, mem-
ory management, and the use of additional passes or post-processing.

A first observation is that the memory-efficient implementation described in Section {.2]
is not only a theoretical refinement but also a practical one. The linked-list-based variant
MemEff reduces memory consumption compared to the static-vector baseline, confirm-
ing that the additional bookkeeping is compensated by earlier pruning. This shows that
implementation details in the streaming phase substantially affect performance.

The results also show that the streaming order is a dominant factor. The same algorithm
can behave very differently under ascending, natural, and descending edge orders. Under
ascending order, more edges survive the local-ratio threshold, increasing memory usage
and running time. Under descending order, many edges are discarded early, which im-
proves efficiency but may limit later improvements. This reflects a fundamental feature of
semi-streaming b-matching algorithms: their guaranties are order-agnostic, but their em-
pirical behavior is not.

The comparison with the offline greedy approach clarifies the role of the proposed ex-
tensions. The baseline semi-streaming implementations Basic and MemEff are competi-
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6 Discussion

tive in memory and running time, but their solution quality is constrained by the one-pass
streaming paradigm. The second-pass heuristic in Section [4.3| provides a simple way to re-
cover additional weight by reconsidering feasible edges after the first pass. This can yield
substantial gains, although the benefit depends on the instance and should be seen as an
empirical improvement rather than a worst-case guaranty.

The bucketing strategy in Section [4.4] addresses the same order sensitivity from another
angle. By processing the stream in chunks and resetting the intermediate state, it reduces
dependence on the earliest edges and can improve the final matching weight. Its main
drawback is that the global behavior becomes less direct to analyze since the final result is
assembled from several partial matchings.

The hybrid refinement with Iterated Local Search, introduced in Section @] and ex-
tended in Sectiond.5] highlights the balance between approximation structure and practical
optimization. The semi-streaming phase provides a feasible initial solution, while ILS can
exploit local exchanges not captured by the streaming heuristic alone. The parallel vari-
ant further shows that the implementation can use modern hardware effectively, although
this introduces additional time and memory trade-offs. In this sense, the ILS extensions
are best understood as performance-oriented refinements rather than part of the core semi-
streaming guaranty.

Another important result is that streaming-based methods can be competitive with the
offline greedy baseline from Chapter 3] The offline greedy method remains strong in run-
ning time and is often difficult to beat; yet the thesis shows that the two-pass and bucketed
variants can match or even outperform it on the measured objective. This demonstrates that
the semi-streaming model is not merely a memory-saving compromise, but can also be a
practical alternative when combined with careful engineering.

The correlation analysis in Sections[5.2]and [5.3|suggests that larger instances often leave
more room for the second-pass strategy, while smaller average hyperedges tend to bene-
fit more from augmentation relative to the offline greedy baseline. The relationship be-
tween structural properties and improvement is not always monotonic, indicating that per-
formance depends on several interacting factors, including density, edge-size distribution,
and stream order.

Overall, this thesis shows that semi-streaming hypergraph b-matching is a strong ex-
ample of the interaction between theoretical algorithm design and systems engineering.
The formal results in Chapter [2] provide the basis for feasibility and approximation, Chap-
ter 4] turns these ideas into implementable strategies, and Chapter [5|confirms their practical
value. The main lesson is that the best-performing approach depends on the desired bal-
ance between memory consumption, running time, and matching quality. Taken together,
these findings indicate that the practical success of the approach stems less from any single
optimization than from the cumulative effect of several modest design choices.
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6.2 Future Work

6.2 Future Work

Future work could extend these ideas in several directions. Natural next steps include ex-
periments on non-uniform capacities, adaptive chunk sizes for bucketing, adaptive choices
of £, and more sophisticated refinement strategies that preserve the semi-streaming memory
model. It would also be interesting to investigate whether the observed correlations from
Sections[5.2]and[5.3|can be turned into predictive rules for choosing between Basic, Mem-
Eff, TwoPass, and ParallellLS on a per-instance basis. Such work would further narrow
the gap between theoretical semi-streaming guaranties and robust large-scale hypergraph
optimization in practice.
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6.2 Future Work

Zusammenfassung

Das Semi-Streaming-b-Matching-Problem auf einem gewichteten Hypergraphen H =
(V, E,w) fordert eine Teilmenge von Hyperkanten M C FE, die das Gesamtgewicht
maximiert und gleichzeitig sicherstellt, dass jeder Knoten v € FE in hochstens b(v) aus-
gewihlten Kanten enthalten ist. Dies verallgemeinert das Standard-Matching-Problem, bei
dem b(v) = 1 ist, und ist durch grof angelegte Anwendungen motiviert, bei denen die
Eingabe zu grof} ist, um explizit gespeichert zu werden. Im Semi-Streaming-Modell darf
der Algorithmus nur O (n-polylog(n)) Speicherplatz beanspruchen und ist auf eine geringe
Anzahl von Durchldufen iiber den Eingabestrom beschrinkt.

Diese Arbeit untersucht, wie solche Algorithmen in der Praxis fiir gewichtete b-
Matching-Probleme in Hypergraphen effizient implementiert werden konnen. Auf-
bauend auf dem Semi-Streaming-Framework von Huang und Sellier implementieren
wir die Streaming-Phase und die Greedy-Rekonstruktionsphase und passen sie an einen
allgemeinen Hypergraphenkontext mit Knotenkapazititen an. Dariiber hinaus unter-
suchen wir mehrere technisch orientierte Verbesserungen: eine speichereffiziente Pruning-
Strategie auf Basis verkniipfter Datenstrukturen und Referenzzihlung, eine Second-Pass-
Erweiterung, die den Eingabestrom erneut beriicksichtigt, um zusitzliche Matching-
Gewichte zu gewinnen, einen Bucketing-Ansatz, der den Strom in Bldcken verarbeitet,
sowie eine hybride Verfeinerungsphase auf Basis der iterierten lokalen Suche. Wir unter-
suchen zudem eine parallele Variante des Verfeinerungsschritts, um moderne Multi-Core-
Hardware besser auszunutzen.

Die implementierten Methoden werden anhand groBer Benchmark-Hypergraphen hin-
sichtlich Laufzeit, Speicherverbrauch und Abgleichqualitit bewertet. Die Experimente
zeigen, dass die speichereffiziente Implementierung den Speicherverbrauch in der Praxis
reduziert, dass ein zweiter Durchlauf die Losungsqualitit erheblich verbessern kann, und
dass eine Kombination aus Bucketing und lokaler Suche weitere Verbesserungen bewirken
kann. Gleichzeitig verdeutlichen die Ergebnisse den starken Einfluss der Kantenreihen-
folge auf das Verhalten von Semi-Streaming-Algorithmen. Insgesamt zeigt die Arbeit,
dass Semi-Streaming-Hypergraph-b-Matching in praktische Implementierungen umgesetzt
werden kann, die ein Gleichgewicht zwischen Speichereffizienz und Losungsqualitit her-
stellen.
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